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In this study, the static response is presented for a simply supported functionally graded rectangular
plate subjected to a transverse uniform load. The generalized shear deformation theory obtained by the
author in other recent papers is used. This theory is simpliﬁed by enforcing traction-free boundary condi-
tions at the plate faces. No transversal shear correction factors are needed because a correct representation
of the transversal shearing strain is given. Material properties of the plate are assumed to be graded in the
thickness direction according to a simple power-law distribution in terms of the volume fractions of the
constituents. The equilibrium equations of a functionally graded plate are given based on a generalized
shear deformation plate theory. The numerical illustrations concern bending response of functionally
graded rectangular plates with two constituent materials. The inﬂuences played by transversal shear defor-
mation, plate aspect ratio, side-to-thickness ratio, and volume fraction distributions are studied. The results
are veriﬁed with the known results in the literature.
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In recent years, functionally graded materials (FGMs) have gained considerable attention in
many engineering applications. FGMs are considered as a potential structural material for future
high-speed spacecraft and power generation industries. FGMs are new materials, microscopically
inhomogeneous, in which the mechanical properties vary smoothly and continuously from one sur-
face to the other. In an FGM, the composition and structure gradually change over volume, resul-
ting in corresponding changes in the properties of the material. By applying the many possibilities
inherent in the FGM concept, it is anticipated that materials will be improved and new functions
for them created. A group of scientists in Japan ﬁrst introduced these novel materials in 1984 [1,2].
In the simplest FGMs, two diﬀerent material ingredients change gradually from one to the
other. Discontinuous changes such as a stepwise gradation of the material ingredients can also
be considered an FGM. The most familiar FGM is compositionally graded from a refractory
ceramic to a metal. The ceramic in an FGM oﬀers thermal barrier eﬀects and protects the metal
from corrosion and oxidation, and the FGM is toughened and strengthened by the metallic com-
position. A mixture of ceramic and metal with a continuously varying volume fraction can be ea-
sily manufactured. This eliminates interface problems of composite materials and thus the stress
distributions are smooth.
Several studies have been performed to analyze the behaviour of functionally graded plates and
shells. Reddy [3] has analyzed the static behaviour of functionally graded rectangular plates based
on his third-order shear deformation plate theory. Cheng and Batra [4] have related the deﬂections
of a simply supported functionally graded polygonal plate given by the ﬁrst-order shear deformation
theory and a third-order shear deformation theory to that of an equivalent homogeneous Kirchhoﬀ
plate. Cheng and Batra [5] have also presented results for the buckling and steady state vibrations of
a simply supported functionally graded polygonal plate based on Reddys plate theory. Loy et al. [6]
have studied the vibration of functionally graded cylindrical shells using Loves shell theory.
Analytical 3-D solutions for plates are useful since they provide benchmark results to assess the
accuracy of various 2-D plate theories and ﬁnite element formulations. Cheng and Batra [7] have
used the method of asymptotic expansion to study the 3-D thermoelastic deformations of a func-
tionally graded elliptic plate. Recently, Vel and Batra [8] have presented an exact 3-D solution for
the thermoelastic deformation of functionally graded simply supported plates of ﬁnite dimensions.
Reiter et al. [9] have performed detailed ﬁnite element studies of discrete models containing sim-
ulated particulate and skeletal microstructures and compared results with those computed from
homogenized models in which eﬀective properties were derived by the Mori-Tanaka and the
self-consistent methods.
Tanigawa [10] has used a layerwise model to solve a one-dimensional transient heat conduction
problem and the associated thermal stress problem of an inhomogeneous plate. He further formu-
lated the optimization problem of the material composition to reduce the thermal stress distribu-
tion. Tanaka et al. [11,12] have designed FGM property proﬁles using sensitivity and optimization
methods based on the reduction of thermal stresses. Jin and Noda [13] have used the minimization
of thermal stress intensity for a crack in a metal-ceramic functionally gradient material as a cri-
terion for optimizing material property variation. In the same context, they have also studied both
the steady state [14] and the transient [15] heat conduction problems, but neglected the thermo-
mechanical coupling (see also [16,17]).
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Reddy [18] using a plate ﬁnite element that accounts for the transversal shear strains, rotatory
inertia and moderately large rotations in von Ka´rma´n sense. Reddy and Chin [19] have studied
the dynamic thermoelastic response of functionally graded cylinders and plates. In Najaﬁzadeh
and Eslami [20], the buckling analysis of radially loaded solid circular plate made of functionally
graded material has been presented.
The primary objective of this investigation is to present a general formulation for functionally
graded material plates using the generalized shear deformation theory [21–23]. The present theory
and the well-known Reddys higher-order plate theory (HPT) [3] contain the same number of
dependent variables as in the ﬁrst-order plate theory (FPT), but results in more accurate predic-
tion of deﬂections and stresses, and satisfy the zero tangential traction boundary conditions on the
surfaces of the plate. However, the present theory and HPT do not require the use of shear cor-
rection factors. In conclusion, the present theory gives accurate results, especially transverse shear
stresses, than other theories including HPT. This is an expected because the present theory is the
generalized one (for more details, we refer to [21–23]).
The FGM plate is made of an isotropic material with material properties varying in the thick-
ness direction only. The governing partial diﬀerential equations are reduced to a set of coupled
ordinary diﬀerential equations in the thickness direction, which are then solved by using the Na-
vier solutions for simply supported rectangular plates. Numerical results are presented for an alu-
minum/alumina functionally graded plate. To make the study reasonably, displacements and
stresses are given for diﬀerent homogenization schemes and exponents in the power law that de-
scribes through-the-thickness variation of the constituents.2. Mathematical model
Consider a solid rectangular plate of length a, width b and thickness h made of functionally
graded material (see Fig. 1). The material properties of the FGM plate, such as Youngs modulusFig. 1. Geometry of rectangular plate composed of FGM.
70 A.M. Zenkour / Applied Mathematical Modelling 30 (2006) 67–84E is assumed to be function of the volume fraction of the constituent materials. Let the FGM
plate be subjected to a transverse load q(x,y).
The rectangular Cartesian planform co-ordinates x and y are introduced in the deformation
analysis of the present plate. The considered plate is bounded by the co-ordinate planes x = 0,
a and y = 0,b. The reference surface is the middle surface of the plate deﬁned by z = 0, and z de-
notes the thickness co-ordinate measured from the un-deformed middle surface. The functional
relationship between E and z for ceramic and metal FGM plate is assumed as [18,20]E ¼ EðzÞ ¼ Em þ ðEc  EmÞ 2zþ h
2h
 k
; ð1Þwhere Ec and Em are the corresponding properties of the ceramic and metal, respectively, and k is
the volume fraction exponent which takes values grater than or equal to zero. The value of k equal
to zero represents a fully ceramic plate. The above power-law assumption reﬂects a simple rule of
mixtures used to obtain the eﬀective properties of the ceramic–metal plate. The rule of mixtures
applies only to the thickness direction. The density of the plate varies according to the power law,
and the power-law exponent may be varied to obtain diﬀerent distributions of the component
materials through the thickness of plate. Note that the volume fraction of the metal is high near
the bottom surface of the plate, and that of ceramic high near the top surface. In addition, (1)
indicates that the bottom surface of the plate (z = h/2) is metal-rich whereas the top surface
(z = h/2) of the plate is ceramic-rich. Generally, Poissons ratio m varies in a small range. For sim-
plicity, m is assumed constant across the plate thickness.
The displacements of a material point located at (x,y,z) in the plate may be written as [21–23]:uxðx; y; z; tÞ ¼ u zoxwþ h sinðpzÞux;
uyðx; y; z; tÞ ¼ v zoywþ h sinðpzÞuy;
uzðx; y; z; tÞ ¼ w;
9>=
>; ð2Þwhere h ¼ h=p; z ¼ z=h and on represents the diﬀerentiation with respect to n.
Note that (ux,uy,uz) are the displacements corresponding to the co-ordinate system and are
functions of the spatial co-ordinates; (u,v,w) are the displacements along the axes x, y, and z,
respectively, and ux and uy are the rotations about the y and x-axes. All of the generalized dis-
placements (u,v,w,ux,uy) are functions of the (x,y). Note that the present theory is simpliﬁed
by enforcing traction-free boundary conditions at the plate faces. No transversal shear correction
factors are needed because a correct representation of the transversal shearing strain is given.
The six strain components compatible with the displacement ﬁeld in (2) areex
ey
cxy
8><
>:
9>=
>; ¼
e0x
e0y
c0xy
8><
>:
9>=
>;þ z
jx
jy
jxy
8><
>:
9>=
>;þ h sinðpzÞ
gx
gy
gxy
8><
>:
9>=
>;; ð3aÞ
ez ¼ 0;
cyz
cxz

 
¼ cosðpzÞ c
0
yz
c0xz
( )
; ð3bÞ
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jx ¼ o2xw; jy ¼ o2yw; jxy ¼ 2oxoyw;
gx ¼ oxux; gy ¼ oyuy; gxy ¼ oxuy þ oyux.
ð4ÞThe stress–strain relationships accounting for transversal shear deformation in the FGM plate co-
ordinates, can be expressed asrx
ry

 
¼ EðzÞ
1 m2
1 m
m 1
 
ex
ey

 
; fsyz; sxz; sxyg ¼ EðzÞ
2ð1þ mÞ fcyz; cxz; cxyg. ð5ÞThe stress and moment resultants of the FGM plate can be obtained by integrating (5) over the
thickness, and are written asN a
Ma
Sa
8><
>:
9>=
>; ¼
1
1 m2
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2
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ja
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gxy
8><
>:
9>=
>;; ð6bÞandQxz
Qyz
( )
¼ Hk
2ð1þ mÞ
c0xz
c0yz
( )
; ð6cÞwhere a = x,y ande0x ¼ e0x þ me0y ; e0y ¼ e0y þ me0x;
jx ¼ jx þ mjy ; jy ¼ jy þ mjx;
gx ¼ gx þ mgy; gy ¼ gy þ mgx.
ð7ÞIn (6), Nx, Ny, and Nxy and Mx, My, and Mxy are the basic components of stress resultants and
stress couples; Sx, Sy, and Sxy are additional stress couples associated with the transversal shear
eﬀects; and Qxz and Qyz are transversal shear stress resultants. The coeﬃcients Ak,Bk,Ck, . . . etc.
are deﬁned byfAk;Bk;Ckg ¼
Z þh=2
h=2
EðzÞf1; z; h sinðpzÞgdz;
fDk; F kg ¼
Z þh=2
h=2
zEðzÞfz; h sinðpzÞgdz;
fGk;Hkg ¼
Z þh=2
h=2
EðzÞfh2sin2ðpzÞ; cos2ðpzÞgdz.
ð8Þ
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The governing equations of equilibrium can be derived by using the principle of virtual dis-
placements. The equilibrium equations associated with the present sinusoidal shear deformation
theory areoxNx þ oyNxy ¼ 0; ð9aÞ
oxNxy þ oyNy ¼ 0; ð9bÞ
o2xMx þ 2oxoyMxy þ o2yMy þ q ¼ 0; ð9cÞ
oxSx þ oySxy  Qxz ¼ 0; ð9dÞ
oxSxy þ oySy  Qyz ¼ 0. ð9eÞ
Substituting (6) into (9), we obtain the following operator equation½p	fdg ¼ ff g; ð10Þ
where {d} = {u,v,w,ux,uy}
T, in which the superscript ‘‘T’’ denotes the transpose of the given vec-
tor, {f} = {0,0,q(x,y), 0,0}T is a generalized force vector, and [p] is the symmetric matrix of dif-
ferential operators,p11 ¼
Ak
1 m2 o
2
x þ
1 m
2
o2y
 
;
p12 ¼
Ak
2ð1 mÞ oxoy;
p13 ¼ 
Bk
1 m2 o
2
x þ o2y
 
ox;
p14 ¼
Ck
1 m2 o
2
x þ
1 m
2
o2y
 
;
p15 ¼
Ck
2ð1 mÞ oxoy;
p22 ¼
Ak
1 m2
1 m
2
o2x þ o2y
 
;
p23 ¼ 
Bk
1 m2 o
2
x þ o2y
 
oy ;
p24 ¼ p15;
p25 ¼
Ck
1 m2
1 m
2
o2x þ o2y
 
;
p33 ¼
Dk
1 m2r
4;
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F k
1 m2 o
2
x þ o2y
 
ox;
p35 ¼ 
F k
1 m2 o
2
x þ o2y
 
oy;
p44 ¼
Gk
1 m2 o
2
x þ
1 m
2
o2y
 
 Hk
2ð1þ mÞ ;
p45 ¼
Gk
2ð1 mÞ oxoy ;
p55 ¼
Gk
1 m2
1 m
2
o2x þ o2y
 
 Hk
2ð1þ mÞ ; ð11Þin which r2 ¼ ðo2x þ o2yÞ is Laplace operator.4. Exact solutions for FGM plates
Rectangular plates are generally classiﬁed in accordance with the type support used. We are
here concerned with the exact solutions of (9) for simply supported FGM plate. The following
boundary conditions are imposed at the side edges.wðx; 0Þ ¼ wðx; bÞ ¼ wð0; yÞ ¼ wða; yÞ ¼ 0;
Nyðx; 0Þ ¼ Nyðx; bÞ ¼ Nxð0; yÞ ¼ Nxða; yÞ ¼ 0;
Myðx; 0Þ ¼ Myðx; bÞ ¼ Mxð0; yÞ ¼ Mxða; yÞ ¼ 0;
Syðx; 0Þ ¼ Syðx; bÞ ¼ Sxð0; yÞ ¼ Sxða; yÞ ¼ 0;
uxðx; 0Þ ¼ uxðx; bÞ ¼ uyð0; yÞ ¼ uyða; yÞ ¼ 0.
ð12ÞTo solve this problem, Navier presented the external force in the form of a double trigonometric
seriesqðx; yÞ ¼
X1
m¼1
X1
n¼1
qmn sinðkxÞ sinðlyÞ; ð13Þwhere k = mp/a and l = np/b, and m and n are mode numbers. The coeﬃcients qmn for the case of
uniformly distributed load (UL) are deﬁned as follows:qmn ¼
16q0
mnp2
for m; n odd;
0 for m; n even;
8<
: ð14Þwhere q0 represents the intensity of the load at the plate center. For the case of sinusoidally dis-
tributed load (SL),qðx; yÞ ¼ q0 sin
px
a
 
sin
py
b
 
; ð15Þwe have m = n = 1, and q11 = q0.
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(u,v,w,ux,uy) that satisﬁes the boundary conditions,u
v
w
ux
uy
8>>><
>>>:
9>>>=
>>>;
¼
X1
m¼1
X1
n¼1
Umn cosðkxÞ sinðlyÞ
V mn sinðkxÞ cosðlyÞ
W mn sinðkxÞ sinðlyÞ
Xmn cosðkxÞ sinðlyÞ
Y mn sinðkxÞ cosðlyÞ
8>>><
>>>:
9>>>=
>>>;
; ð16Þwhere Umn, Vmn, Wmn, Xmn, and Ymn are arbitrary parameters to be determined subjected to the
condition that the solution in (16) satisﬁes the operator equation, (10). Substituting (16) into (10),
one obtains½P 	fDg ¼ fF g; ð17Þ
where {D} and {F} denote the columnsfDgT ¼ fUmn; V mn;W mn;Xmn; Y mng;
fF gT ¼ f0; 0;qmn; 0; 0g.
ð18ÞThe elements Pij = Pji of the coeﬃcient matrix [P] are given byP 11 ¼ Ak½2k
2 þ ð1 mÞl2	
2ð1 m2Þ ;
P 12 ¼  Akkl
2ð1 mÞ ;
P 13 ¼ kðk
2 þ l2ÞBk
1 m2 ;
P 14 ¼ Ck½2k
2 þ ð1 mÞl2	
2ð1 m2Þ ;
P 15 ¼  Ckkl
2ð1 mÞ ;
P 22 ¼ Ak½ð1 mÞk
2 þ 2l2	
2ð1 m2Þ ;
P 23 ¼ lðk
2 þ l2ÞBk
1 m2 ;
P 24 ¼ P 15;
P 25 ¼ Ck½ð1 mÞk
2 þ 2l2	
2ð1 m2Þ ;
P 33 ¼ ðk
2 þ l2Þ2Dk
1 m2 ;
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2 þ l2ÞF k
1 m2 ;
P 35 ¼ lðk
2 þ l2ÞF k
1 m2 ;
P 44 ¼  ½2k
2 þ ð1 mÞl2	Gk
2ð1 m2Þ 
Hk
2ð1þ mÞ ;
P 45 ¼  klGk
2ð1 mÞ ;
P 55 ¼  ½ð1 mÞk
2 þ 2l2	Gk
2ð1 m2Þ 
Hk
2ð1þ mÞ . ð19Þ
Moreover, substituting (3) into (5) with the help of (16), one can obtain the stress components in
terms of Youngs modulus and the arbitrary parameters Umn, Vmn,Wmn, Xmn, and Ymn as follows:rx ¼  EðzÞ
1 m2
X1
m;n¼1;3;5;...
½kUmn þ mlV mn  zðk2 þ ml2ÞW mn þ h sinðpzÞðkXmn þ mlY mnÞ	
 sinðkxÞ sinðlyÞ; ð20aÞ
ry ¼  EðzÞ
1 m2
X1
m;n¼1;3;5;...
½mkUmn þ lV mn  zðmk2 þ l2ÞW mn þ h sinðpzÞðmkXmn þ lY mnÞ	
 sinðkxÞ sinðlyÞ; ð20bÞ
syz ¼ EðzÞ
2ð1þ mÞ
X1
m;n¼1;3;5;...
cosðpzÞY mn sinðkxÞ cosðlyÞ; ð20cÞ
sxz ¼ EðzÞ
2ð1þ mÞ
X1
m;n¼1;3;5;...
cosðpzÞXmn cosðkxÞ sinðlyÞ; ð20dÞ
sxy ¼ EðzÞ
2ð1þ mÞ
X1
m;n¼1;3;5;...
½lUmn þ kV mn  2zklW mn þ h sinðpzÞðlXmn þ kY mnÞ	 cosðkxÞ cosðlyÞ.
ð20eÞ5. Numerical results
In order to prove the validity of the present formulation, results were obtained for isotropic
plates and compared with the existing ones in the literature. For isotropic rectangular plate
(k = 0,E(z) = Ec = E), from (8) we haveA0 ¼ hE; B0 ¼ C0 ¼ 0; D0 ¼ h
3E
12
; F 0 ¼ 2h
3E
p3
; G0 ¼ h
3E
2p2
; H 0 ¼ hE
2
. ð21Þ
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In this case, the deﬂection of the isotropic rectangular plate, for example, may be obtained ana-
lytically aswðx; yÞ ¼ q0a
4
D
X1
m;n¼1;3;5;...
W ð0Þmn sin
mp
a
x
 
sin
np
b
y
 
; ð22aÞwhere D is the ﬂexural rigidity of the plate deﬁned byD ¼ Eh
3
12ð1 m2Þ ; ð22bÞandW ð0Þmn ¼
16½2h2ðm2 þ n2s2Þ þ a2ð1 mÞ	
mnp2ðm2 þ n2s2Þ2½2h2ðm2 þ n2s2Þðp4  96Þ þ a2p4ð1 mÞ	 ; ð22cÞin which s(= a/b) is the aspect ratio of the plate. The center deﬂection of a thin square plate (a/
h = 100) is given byw
a
2
;
a
2
 
¼ 0.004064454521 q0a
4
D
; ð23aÞwhile for moderately thick and thick square plate, we getw
a
2
;
a
2
 
¼ 0.004272418975 q0a
4
D
; a=h ¼ 10; ð23bÞ
w
a
2
;
a
2
 
¼ 0.004901183249 q0a
4
D
; a=h ¼ 5; ð23cÞ
w
a
2
;
a
2
 
¼ 0.005371345094 q0a
4
D
; a=h ¼ 4. ð23dÞIt is clear that the deﬂection increases as the side-to-thickness ratio decreases. The same results
were obtained in most literatures (see, e.g., [24] for thin plates). In addition, the correlation be-
tween the present generalized shear deformation theory and diﬀerent higher-order and ﬁrst-order
shear deformation theories is established by the author in his recent papers [21–23]. It is found
that this theory predicts the deﬂections and stresses more accurately when compared to the ﬁrst-
and third-order theories.
For the sake of completeness, results of the present theory are compared with those obtained
using a new Navier-type three-dimensionally exact solution for small deﬂections in bending of lin-
ear elastic isotropic homogeneous rectangular plates [25]. The center deﬂection w and the distri-
bution across the plate thickness of in-plane longitudinal stress rx and longitudinal tangential
stress sxy are compared with the results of the 3-D solution [25] and are shown in Tables 1a
and 1b. The present solution is realized for a quadratic plate, with the following ﬁxed data:
a = 1, b = 1, E = 1, q0 = 1, m = 0.3 and three values for the plate thickness: h = 0.01, h = 0.03,
and h = 0.1. It is to be noted that the present results compare very well with the 3-D solution
Table 1a
Center deﬂections of isotropic homogeneous plates
h Classic [24] 3-D [25] Present
In mid-plane Average
0.01 44360.9 44384.7 44383.9 44383.84
0.03 1643.00 1650.94 1650.66 1650.646
0.10 44.3609 46.7443 46.6586 46.65481
Table 1b
Distribution of stresses across the thickness of isotropic homogeneous plates
h Co-ordinate z In-plane longitudinal stress
rx(0.5a, 0.5b,z)
Longitudinal tangential stress
sxy(0,0,z)
3-D [25] Present 3-D [25] Present
0.01 0.005 2873.3 2873.39 1949.6 1949.36
0.004 2298.6 2298.57 1559.2 1559.04
0.003 1723.9 1723.84 1169.1 1168.99
0.002 1149.2 1149.18 779.3 779.18
0.001 574.6 574.58 389.6 389.55
0.000 0.0 0.00 0.0 0.00
0.03 0.015 319.40 319.445 217.11 217.156
0.012 255.41 255.415 173.26 173.282
0.009 191.49 191.472 129.75 129.682
0.006 127.63 127.603 86.41 86.313
0.003 63.80 63.788 43.18 43.112
0.000 0.00 0.000 0.00 0.000
0.10 0.05 28.890 28.9307 19.920 20.0476
0.04 22.998 23.0055 15.606 15.6459
0.03 17.182 17.1660 11.558 11.4859
0.02 11.423 11.3994 7.642 7.5315
0.01 5.702 5.6858 3.803 3.7265
0.00 0.000 0.0000 0.000 0.0000
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with the average 3-D solution.
Now, a functionally graded material consisting of aluminum and alumina is considered.
Youngs modulus for aluminum is 70 GPa while for alumina is 380 GPa. Note that, Poissons
ratio is selected constant for both and equal to 0.3. The various non-dimensional parameters used
arew ¼ 10h
3Ec
a4q0
w
a
2
;
b
2
 
; ux ¼ 100h
3Ec
a4q0
ux
a
2
;
b
2
; h
4
 
; uy ¼ 100h
3Ec
a4q0
uy
a
2
;
b
2
; h
6
 
;
rx ¼ haq0
rx
a
2
;
b
2
;
h
2
 
; ry ¼ haq0
ry
a
2
;
b
2
;
h
3
 
; sxy ¼ haq0
sxy 0; 0; h
3
 
;
Table
Eﬀect
(a/h =
k
Ceram
1
2
3
4
5
6
7
8
9
10
Metal
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syz
a
2
; 0;
h
6
 
; sxz ¼ haq0
sxz 0;
b
2
; 0
 
.In Table 2, the eﬀect of volume fraction exponent on the dimensionless stresses and displacements
of a FGM square plate (a/h = 10) is given. This table shows comparison between results for plates
subjected to uniform or sinusoidal distributed loads, respectively. As it is well known, the uniform
load distribution always overpredicts the displacements and stresses magnitude. As the plate be-
comes more and more metallic, the diﬀerence increases for deﬂection w and in-plane longitudinal
stress rx while it decreases for in-plane normal stress ry . It is important to observe that the stresses
for a fully ceramic plate are the same as that for a fully metal plate. This is because the plate for
these two cases is fully homogeneous and the stresses do not depend on the modulus of elasticity.
Results in Table 2 should serve as benchmark results for future comparisons.
Figs. 2 and 3 show the variation of the center deﬂection with the aspect and side-to-thickness
ratios, respectively. The deﬂection is maximum for the metallic plate and minimum for the cera-
mic plate. The diﬀerence increases as the aspect ratio increases while it may be unchanged with the
increase of side-to-thickness ratio. One of the main inferences from the analysis is that the re-
sponse of FGM plates is intermediate to that of the ceramic and metal homogeneous plates2
s of volume fraction exponent and loading on the dimensionless stresses and displacements of a FGM square plate
10)
Loading ux uy w rx ry syz sxz sxy
ic UL 0.3904 0.2603 0.4665 2.8932 1.9103 0.4429 0.5114 1.2850
SL 0.2309 0.1539 0.2960 1.9955 1.3121 0.2132 0.2462 0.7065
UL 1.1153 0.8566 0.9287 4.4745 2.1692 0.5446 0.5114 1.1143
SL 0.6626 0.5093 0.5889 3.0870 1.4894 0.2622 0.2462 0.6110
UL 1.5618 1.2290 1.1940 5.2296 2.0338 0.5734 0.4700 0.9907
SL 0.9281 0.7311 0.7573 3.6094 1.3954 0.2763 0.2265 0.5441
UL 1.7593 1.3911 1.3200 5.6108 1.8593 0.5629 0.4367 1.0047
SL 1.0447 0.8271 0.8377 3.8742 1.2748 0.2715 0.2107 0.5525
UL 1.8439 1.4561 1.3890 5.8915 1.7197 0.5346 0.4204 1.0298
SL 1.0941 0.8651 0.8819 4.0693 1.1783 0.2580 0.2029 0.5667
UL 1.8820 1.4809 1.4356 6.1504 1.6104 0.5031 0.4177 1.0451
SL 1.1158 0.8792 0.9118 4.2488 1.1029 0.2429 0.2017 0.5755
UL 1.9004 1.4888 1.4727 6.4043 1.5214 0.4755 0.4227 1.0536
SL 1.1261 0.8834 0.9356 4.4244 1.0417 0.2296 0.2041 0.5803
UL 1.9100 1.4893 1.5049 6.6547 1.4467 0.4543 0.4310 1.0589
SL 1.1312 0.8832 0.9562 4.5971 0.9903 0.2194 0.2081 0.5834
UL 1.9155 1.4865 1.5343 6.8999 1.3829 0.4392 0.4399 1.0628
SL 1.1340 0.8813 0.9750 4.7661 0.9466 0.2121 0.2124 0.5856
UL 1.9191 1.4824 1.5617 7.1383 1.3283 0.4291 0.4481 1.0662
SL 1.1358 0.8785 0.9925 4.9303 0.9092 0.2072 0.2164 0.5875
UL 1.9217 1.4778 1.5876 7.3689 1.2820 0.4227 0.4552 1.0694
SL 1.1372 0.8756 1.0089 5.0890 0.8775 0.2041 0.2198 0.5894
UL 2.1194 1.4129 2.5327 2.8932 1.9103 0.4429 0.5114 1.2850
SL 1.2534 0.8356 1.6070 1.9955 1.3121 0.2132 0.2462 0.7065
Fig. 2. Dimensionless center deﬂection ðwÞ as a function of the aspect ratio (a/b) of an FGM plate.
Fig. 3. Dimensionless center deﬂection ðwÞ as a function of the side-to-thickness ratio (a/h) of an FGM square plate.
A.M. Zenkour / Applied Mathematical Modelling 30 (2006) 67–84 79(see also Table 2). It is to be noted that, in the case of thermal or combined loads and under cer-
tain conditions, the above response is not intermediate (see, e.g., [10]).
Figs. 4–8 depict the through-the-thickness distributions of the shear stresses syz and sxz; the in-
plane longitudinal and normal stresses rx and ry , and the longitudinal tangential stress sxy in
the FGM plate under the uniform load. The volume fraction exponent of the FGM plate is taken
as k = 2 in these ﬁgures. Distinction between the curves in Figs. 4 and 5 is obvious. As strain gra-
dients increase, the inhomogeneities play a greater role in stress distribution calculations. The
through-the-thickness distributions of the shear stresses syz and sxz are not parabolic and the stres-
ses increase as the aspect ratio decreases. It is to be noted that the maximum value occurs at
z ﬃ 0.2, not at the plate center as in the homogeneous case.
Fig. 4. Variation of transversal shear stress ðsyzÞ through-the-thickness of an FGM plate for diﬀerent values of the
aspect ratio.
Fig. 5. Variation of transversal shear stress ðsxzÞ through-the-thickness of an FGM plate for diﬀerent values of the
aspect ratio.
80 A.M. Zenkour / Applied Mathematical Modelling 30 (2006) 67–84As exhibited in Figs. 6 and 7, the in-plane longitudinal and normal stresses, rx and ry , are com-
pressive throughout the plate up to z ﬃ 0.153 and then they become tensile. The maximum com-
pressive stresses occur at a point on the bottom surface and the maximum tensile stresses occur, of
course, at a point on the top surface of the FGM plate. However, the tensile and compressive val-
ues of the longitudinal tangential stress, sxy (cf. Fig. 8), are maximum at a point on the bottom and
top surfaces of the FGM plate, respectively. It is clear that the minimum value of zero for all in-
Fig. 7. Variation of in-plane normal stress ðryÞ through-the-thickness of an FGM plate for diﬀerent values of the
aspect ratio.
Fig. 6. Variation of in-plane longitudinal stress ðrxÞ through-the-thickness of an FGM plate for diﬀerent values of the
side-to-thickness ratio.
A.M. Zenkour / Applied Mathematical Modelling 30 (2006) 67–84 81plane stresses rx; ry and sxy occurs at z ﬃ 0.153 and this irrespective of the aspect and side-to-
thickness ratios.
Finally, the exact maximum deﬂections of simply supported FGM square plate are compared in
Fig. 9 for various ratios of moduli, Em/Ec (for a given thickness, a/h = 10). This means that the
deﬂections are computed for plates with diﬀerent ceramic–metal mixtures. It is clear that the
deﬂections decrease smoothly as the volume fraction exponent decreases and as the ratio of
metal-to-ceramic moduli increases.
Fig. 8. Variation of longitudinal tangential stress ðsxyÞ through-the-thickness of an FGM plate for diﬀerent values
of the aspect ratio.
Fig. 9. The eﬀect of material anisotropy on the dimensionless maximum deﬂection ðwÞ of an FGM plate for diﬀerent
values of k.
82 A.M. Zenkour / Applied Mathematical Modelling 30 (2006) 67–846. Conclusion
The static response of functionally graded material plates is studied using the generalized shear
deformation theory. The stress and displacement response of the plates have been analyzed under
uniform loading. The gradation of properties through the thickness is assumed to be of the power-
law type and comparisons have been made with homogeneous isotropic plates. Non-dimensional
stresses and displacements are computed for plates with ceramic–metal mixture. It is seen that the
A.M. Zenkour / Applied Mathematical Modelling 30 (2006) 67–84 83basic response of the plates that correspond to properties intermediate to that of the metal and
ceramic, is necessarily lie in between that of ceramic and metal. This behaviour is found to be true
irrespective of boundary conditions. Thus, the gradients in material properties play an important
role in determining the response of the FGM plates.References
[1] M. Koizumi, The concept of FGM, Ceramic Trans. Funct. Grad. Mater. 34 (1993) 3–10.
[2] M. Yamanouchi, M. Koizumi, T. Hirai, I. Shiota, in: Proceeding of the First International Symposium on
Functionally Gradient Materials, Sendai, Japan, 1990.
[3] J.N. Reddy, Analysis of functionally graded plates, Int. J. Numer. Methods Eng. 47 (2000) 663–684.
[4] Z.Q. Cheng, R.C. Batra, Deﬂection relationships between the homogeneous Kirchhoﬀ plate theory and diﬀerent
functionally graded plate theories, Arch. Mech. 52 (2000) 143–158.
[5] Z.Q. Cheng, R.C. Batra, Exact correspondence between eigenvalues of membranes and functionally graded simply
supported polygonal plates, J. Sound Vib. 229 (2000) 879–895.
[6] C.T. Loy, K.Y. Lam, J.N. Reddy, Vibration of functionally graded cylindrical shells, Int. J. Mech. Sic. 41 (1999)
309–324.
[7] Z.Q. Cheng, R.C. Batra, Three-dimensional thermoelastic deformations of a functionally graded elliptic plate,
Composites: Part B 31 (2000) 97–106.
[8] S.S. Vel, R.C. Batra, Exact solution for thermoelastic deformations of functionally graded thick rectangular plates,
AIAA J. 40 (2002) 1421–1433.
[9] T. Reiter, G.J. Dvorak, V. Tvergaard, Micromechanical models for graded composite materials, J. Mech. Phys.
Solids 45 (1997) 1281–1302.
[10] Y. Tanigawa, Theoretical approach of optimum design for a plate of functionally gradient materials under thermal
loading, Ther. Shock Ther. Fat. Behav. Adv. Cer., NATO ASI Series E 241 (1992) 171–180.
[11] K. Tanaka, Y. Tanaka, K. Enomoto, V.F. Poterasu, Y. Sugano, Design of thermoelastic materials using direct
sensitivity and optimization methods: reduction of thermal stresses in functionally gradient materials, Comput.
Methods Appl. Mech. Eng. 106 (1993) 271–284.
[12] K. Tanaka, Y. Tanaka, H. Watanabe, V.F. Poterasu, Y. Sugano, An improved solution to thermoelastic materials
designed in functionally gradient materials: scheme to reduce thermal stresses, Comput. Methods Appl. Mech. Eng.
106 (1993) 377–389.
[13] Z.H. Jin, N. Noda, Minimization of thermal stress intensity factor for a crack in a metal-ceramic mixture, Ceramic
Trans. Funct. Grad. Mater. 34 (1993) 47–54.
[14] N. Noda, Z.H. Jin, Thermal stress intensity factors for a crack in a strip of a functionally gradient material, Int. J.
Solids Struct. 30 (1993) 1039–1056.
[15] Z.H. Jin, N. Noda, Transient thermal stress intensity factors for a crack in a semi-inﬁnite plate of a functionally
gradient material, Int. J. Solids Struct. 31 (1994) 203–218.
[16] Y. Obata, N. Noda, Steady thermal stresses in a hollow circular cylinder and a hollow sphere of a functionally
gradient material, J. Thermal Stresses 17 (1994) 471–488.
[17] Y. Obata, N. Noda, T. Tsuji, Steady thermal stresses in a functionally gradient material plate, Trans. JSME 58
(1992) 1689–1695.
[18] G.N. Praveen, J.N. Reddy, Nonlinear transient thermoelastic analysis of functionally graded ceramic–metal plates,
Int. J. Solids Struct. 35 (1998) 4457–4476.
[19] J.N. Reddy, C.D. Chin, Thermomechanical analysis of functionally graded cylinders and plates, J. Thermal
Stresses 21 (1998) 593–626.
[20] M.M. Najaﬁzadeh, M.R. Eslami, Buckling analysis of circular plates of functionally graded materials under
uniform radial compression, Int. J. Mech. Sci. 44 (2002) 2479–2493.
[21] A.M. Zenkour, Analytical solution for bending of cross-ply laminated plates under thermo-mechanical loading,
Compos. Struct. 65 (2004) 367–379.
84 A.M. Zenkour / Applied Mathematical Modelling 30 (2006) 67–84[22] A.M. Zenkour, Buckling of ﬁber-reinforced viscoelastic composite plates using various plate theories, J. Eng.
Math. 50 (2004) 75–93.
[23] A.M. Zenkour, Thermal eﬀects on the bending response of ﬁber-reinforced viscoelastic composite plates using a
sinusoidal shear deformation theory, Acta Mech. 171 (2004) 171–187.
[24] S.P. Timoshenko, S. Woinowsky-Krieger, Theory of Plates and Shells, McGraw-Hill, New York, 1959.
[25] H. Werner, A three-dimensional solution for rectangular plate bending free of transversal normal stresses,
Commun. Numer. Methods Eng. 15 (1999) 295–302.
